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Lower bounds on the cardinality of the maximum matchings of planar graphs, with a 
constraint on thr minimum degree, are established in terms of a linear polynomial of the 
number of vertices. The bounds depend upon the minimum degree and the connectivity of 
graphs. Some examples are given which show that all the lower bounds are best possible in the 
sense that neither the coefficients nor the constant terms can be improved. 
1. Pre~aries 
In this paper we deal with simple finite graphs (no loops or multiple edges). 
G = (V, E) denotes a graph with vertex set V and edge set E. Throughout his 
paper we denote by p the number of vertices of G, i.e., p = ]Vl. We denote by 
d&u) the degree (number of incident edges) of a vertex u in G, and denote by 
6(G) the minimum degree of vertices in G, i.e., 8*(G) =minu,, d&u). The 
connectivity K(G) of a graph G is the minimum number of vertices whose removal 
results in a disconnected or trivial graph. A matching of G is a set of painvise 
disjoint edges, and a maximum matching, denoted by M(G), is one of maximum 
cardinality. We denote by n(G) the number of vertices of G with which none of 
the edges of a maximum matching is incident (i.e., unscturuted uertices). Then 
IM(G)I = ;(p - M)). (1) 
For a subset S of V, s denotes the cardinali”.y of S, and G - S denotes the graph 
obtained from G by the removal of all the vertices in S. An odd connected 
component isone with an odd number of vertices. We denote by o(G) the number 
of odd connected components of G. ‘The key result on matching to be used in this 
paper is Berge’s formula [ 1,2]: 
n(G)=max{o(G-S)-s). (2) 
scv 
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For any real nu;nber X, Lx J is the greatest integer e X, and [xl the least integer 
3 x. 
2. Main result 
We establish the following lower bounds for the cardinality of the maximum 
matchings of planar graphs. Note that S(G)Q 5 if G is planar 163. 
Theorem 1. Let G = (V, E) be Q planar connected graph with p vertices, 
(a) pf 8(G) = 3, then 
i 
B [i(p+2)1 if K(G)= 1 and pB10; 
lM(G)) a [&I +4)1 if K(G) = 2 or 3, and g a 14; 
= I PJ I otherwise. 
(b) If 6(G) = 4, then 
I B [$(2p+3)1 c if K(G)= 1 and pp16; 
5 [3(2p+6)] if K(G)=~ and pB22; 
5 f+(3p+8)] if ~(6)=3 and pP30; 
otherwise. 
(c) If s(G) = 5, then 
r 3 rh(5p + 6); if K(G)= 1 and pb34; 
lM(G)I 
2 [&(5p+ 12)1 if K(G)=~ and ~~46; 
5 [&(9p + 2O)l if K(G) = 3 and p a 78; 
= 1 Pl 4 otherwise. 
Proof. If a planar graph G is 4-connected, then (M(G)\ = [p/2]. This follows 
immediately from Tutte’s result [lo]: every 4-connected planar graph contains a 
hamiltonian cycle. We can prove OUI claims by using this fact, Eq. (1) and 
Lemmas 1, 2 and 3. 
Let G = ( d, E) be a planar connectect graph with p vertices, then Lemmas 1, 2 
and 3 follow from Theorem 2 which will appear in Section 3. ” 
Lemma 1. If 6(G)a3, then 
n(G)c 
if K(G)> 1; 
[&I-8)J) if’~(G)az. 
(3-a) 
(3.b) 
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Lemma 2. If 8(G)a4, then 
max{l, [&p-6)]} if u(G)a 1; 
n(G)( max(1, &~=12)J~ if u(GP2; 
(p-16)1} if ~(G)a3. 
(4.a) 
(4,b) 
(kc) 
Lemmrr 3. If S(G) 
(p-12)]} if K(G)~ 1; @.a) 
(p-24)]) if u(G)P2; (5.b) 
(p-40)]} if K(G)a3. (Sac) 
All proofs of Lemmas 1, 2 and 3 will appear in Section 4, 
Remark. Let K,,, denote the complete bipartite graph with (i + j) vertices and ij 
edges, If i = 1 or 2, then K,,,,_I is planar, 6(K,,,J = i and IM(K,,,=J) = i (i.e., 
constant) for any large p. This fact implies that there is no nontrivial lower bound 
on IM(G)( expressed by a linear polynomial of p if 8(G) = 1 or 2. (See [7] for a 
related g,eneralization.) 
3. GeneraI results on n(G) 
In this section we give sufficient conditions for an upper bound on n(G) of a 
planar graph G to be represented by a linear polynomial of p as follows: 
n(G) s (p - r)/y for an odd integer y ( 9 3) and a real number z. These conditions 
will yield Lemmas 1, 2 and 3. 
We denote by I the set of all positive integers, and denote by IO the set of all 
positive odd integers. Let G = (V, E) be a connected graph with p vertices, and let 
S be a subset of V. We assume that G - S contains exactly u connected 
components, and denote by Gj = (Vi, EI) the jth connel;ted component of 6 - S 
(j = 1,2,. . . , u). Define Ji = {j 1 IVJ = i} and ti = I.& 1 (i E I), SO that 
o(G-S)= C ti, (6) 
ifzln 
and 
p = s + c itj. (7) 
We denote by G[S] a (simple) graph obtained from G by contracting all the 
vertices in Vi into a single vertex, say xi, for every j E {1,2, . . . , U} = tJ ieI Ji* Note 
that dGlsl (xi) is equal to the number of vertices in S which are, in G, adjacent o 
at least one vertex in Vim For an odd integer y (2 3), we define Y = 
{i E IO I i s y - 2). We are now ready to present he following theorem. 
E
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Case 2: CIEYfI 2 1. Let a[S, y] be 8 graph obtained from O[S] by three 
modifications: 
(i) delete all the edgeH with both endvertices in St 
(ii) delete ~11 the vertices x,‘s ouch that IV,1 a y or even; and 
(Iii) &k?te all i8olrrted verti B if they clppcaf in the tteerulting graph, That ig, 
[S]-E&=X=&, 
where 
(17) 
three vertlcerr muBt arltitify 
dnce every dge of the bipartite graph CJ[S, y ] join8 a vertex x1( j E JI and i E Y) 
and a vertex in S, Noting that t, = I), and mbstituting (17) into (1% we 
have 
I3y (18) and (20) 
(21) 
p 3 z i#i + y C ti $-Se 
icY iEl(b-Y 
Combining the above two equations yields 
*i*n(G)sp+ C(y-i)ti-(y+I)S. (22) 
iEY 
Substituting (21) into (22) yields 
We can easily establish (9) if Condition A holds: substituting (10) into (23) 
yields y~1(G)q~2(y+l); by (11) y x(G)q~z. Thus we can ass’lme that 
Condition B holds First suppose 
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g-2(y+2)+ c (y-i)f~+ c ((y-I)t’i+(y-i-2)t’o 
itEY1 iEY3 
"(Y - 1) c ( ~w3,&,) = 2)). 
ieY &J~ 
Wning (12) and the QefMtian of f: given in Condition (E&2) we obtain: y Q nK3) G 
p -2(y l=2); by (14) 2 2(y + 2) and hence (9) holds. 
Thus we have established (9) in bath cases, 
4. Proofs of Lenunas I, 2 and 3 
In this section we prove Lemmas 1, 2 and 3 via Theorem 2. 
Proof of Lemma 1. Let G be a planar connected graph with S(G)M and 
n(G)~2, and let S be any subset of V satisfying (8). Then o(G -S) = n(G’!+s 2 
2. Therefore s 2 K(G)~ 1. Clearly d ols,(xj)a S(G)2 3 if j E J1. It is easy to see 
that Condition A in Theorem 2 holds if y = 3 and 
if u(G)=l; 
2 
if ~(0)32. 
Thus we have established both (3~) and (Xb), 
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Fig. 1. An induced subgraph dii of G. 
Fig. 1, where Vj = {a, b, c} and the triangle C, is drawn in bold lines. Therefore 
there exist tz vertex-disjoint triangles (Jordan curves) in any plane embedding of 
G, each of which corresponds to a connected component Gj(iE .I;). These 
trianglles divide the plane into (ti + 1) regions, and each region contains at least 
one vertex in S. Furthermore one of these regions contains at least three vertices 
in S if t, + t; 2 1, because &f,l(Xj) > 3 for any j E J1 U 55. Hence 
if t$a 1; (24.a) 
if t,+t;W, (24.b) 
that is, (13) holds. Clearly (14) holds since s 2 K(G) 2 1 and t = 6. Thus Condition 
B holds. This establishes (4.a). 
Cuse 2: K(G)H. Let JS and tz be defined as in Case 1. Then we can show that 
in this case 
t; = 0. (25) 
Suppose tS > 1. For a connected component Gj (i E .?i) of G - S, we define v, 1, vs2 
and G’i as in Case 1. In G, v, 1 is adjacent to a vertex v& Vi U (vs2), because 
&(q ,) 3 4 and &(vJ = 3. Noting (iii) in Case 1, we can assume without loss of 
~zr~rality that in G both vsl and v lie in the interior of the triangle C’, 
corresponding to Gi? and vs2 in the exterior of C,. Hence the plane graph 
G -(u, ,} is not connected, because there is no path connecting v and vs2 in 
$3 -{u, 1}. Th’ IS contradicts the assumption K(G) 3 2. Thus we have established 
(25). It follows immediately from (25) and s(G)24 that 
since s 2 K(G) 3 2, clearly Condition A in Theorem 2 holds if y = 5 and z = 12. 
This establiscles (4.b). 
Case 3: K(G)~I Since ~(G)33 ar.d 6(G)a4, 
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K(G) P 3, clearly Condition A in Theorem 2 holds if y = 7 and z = 16, 
This establishes (4.~). 
In order to prove Lemma 3, we begin with three lemmas, 
Lemma 4. I$ a &nneckd planar gruph G wW2 p = m f 1 uertices (m B 1 and add) 
contains at most one twfex of degree < 5, then m B 11. 
Proof, Note that for any planar graph with q edges and p (5 3) vertices [6], 
qs3p-6. (26) 
Let w be a vertex of minknum degree in G. Applying (26) to the planar graphs G 
and G -{w} (it is clear that m a 3), we have 
$(5m+dG(w))b3(m+1)-6, (27) 
and 
$(5m-do(w))s3m-6. (28) 
Adding (27) and (28), we have m 3 9. We shall show m # 9. Suppose m = 9. Then 
by (27) and (28), d&w) = 3 and all the other vertices of G are of degree 5, i.e., 
the degree sequence of G is 5555555553. However it has been shown that there 
exists no planar graph of the above degree sequence (See [4? pp. 272-2751 or [9]). 
Lemma 9. Let a connected planar gravh G = (V, E) with p = m + 2 vertices (m > 1 
and odd) contain at most two vertices of degree C 5. Then 
(a) m 2 9, and 
(b) 1~” m = 9, then, in any plane embedding of G, there exists a cycle C and 
exactly two vertices of degree c 5, say v and w, such that either v or w lies in the 
interior of C, and the other one in rhe exterior of C. 
Proof. (a) Let w be any vertex of minimurn degree in V, ancl et v be any vertex 
of minimum degree in V - (w). It is clear that m 2 3, and ;rpplying (26) to the 
planar graphs G and G -{v, w), we have 
$(5m+dG(v)+do(w))s3(m+2)-6, 
and 
;(5m-d&v)-ddo(w))s3m-6. 
The above two equations yield 
(29) 
and 
ma12-d,(v)-d,(w). (30) 
Adding (29) and (30), we have m k >6. Since m is odd, m > 7. We shalt show 
Fig. 2. A graph illustrtiting Lemma S(b). 
Clearly (14) holds since s a H(Q) 3 1, Hence Condition B In Theorem 2 holds, 
This establishes (5,a). 
Case 2: cc(QP 2, In this case ti = 0 if CS Is d2t?ned as in Case 1. This follows 
from Lemma S(b) and arguments similar to thase used for the derivation of (25) 
in the proof of Lemma 2, Therefore 
i 
5 if jEJ,; 
&&x~)~ 4 if jG; 
3 if jfsJsUJ7UJc). 
Noting that s B K(G) B 2, we can easily check that Condition A in Theorem 2 
holds if y = 11 and z = 24. This establishes (S.b), 
Case 3 : K (a) 2: 3, We use S, and G; as in the sense of Case 1. Suppose that 
da&,) = 3 for some j E Js U .I,, and let Si = {v, 1, us2, u,~}. By Lemma 6(b) we can 
assume without loss of generality hat G; and so G contain acycle C such that us1 
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lies in the interior of C and os2 in the exterior. Note that 2~~~ may lie on C. Since 
d&~ J C 5 and d, (v, n) 22 5, u, 1 is, in G, adjacent to a vertex not contained in 
Vi U $. Therefore G - (u, 19 vs3} is not cormected, contradicting K(G) 2 3. Thus we 
have showrl that d,rsl(xj) 22 4 if i E Js U JT. Hence 
5 
d,[s](Xj)2 
( 
if jE&; 
4 if jEJ3UJ5UJ,; 
3 if jEJ9UJ1,U * * a UJ,, (since ~(G)23). 
Noting that s a K(G) 3 3, we can easily check that Condition A in Theorem 2 
holds if y = 19 and t = 4@. Thus we have established (5~). 
5. Examples and remarks 
We can construct infinitely many graphs which attain bounds in Theorem 1 as 
follows. Let HJ be the tetrahedron, H, the octahedron, and & the isocahedron; 
let pi be the number of vertices of &(i = 3, 4, 5). Let L,(i = 3, 4, 5) be a planar 
graph obtained by splitting a vertex v of H, into two vertices vl and u1 with: 
d,,,(vl) = 2, dl,, (Q) = dH,( v) - 2. Let ( Tk, k 3 6) be a sequence of arbitrary maximal 
planar graphs Tk with k vertices, Then consider the following graphs: 
(i) G’;, (i = 3, 4, 5) is made of k copies of H, (k ~3) attached at a vertex; 
K(@,) = I, 6(@,) = i. 
(ii) Gi,(i 2~ 3, 4, 5) is made of k copies of t, (k a4) attached at u1 and uz; 
K(@,) = 2, S(G$,) = i. 
(iii) Gk,, (i = 3, 4, 5) is obtained by replacing each (triangular) face of 7’Yk ( a 6) 
by !f, (the exterior triangle of hT1 maps onto the given triangle’; K(G’&) = 3, 
8(Gt,) = i. Easy computations show that for I= 1, 2 and i = 3, 4, 5 
and, for i = 3, 4, 5 
where p(Gk) denotes the number of vertices of Gi. Hence all bounds of Theorem 
1 are realized with equclity for this class of graphs, 
Thus we conclude that all the bounds in Theorem 1 are best possible in the 
sense that neither the coefficients of Q, nor the additive constant erms can be 
improved. 
It is clear from GS, that not every maximal planar graph has a matching of 
cardinality [$p]. Note that this result is 8 generalization of Whitney’s [l2]: not 
e\‘ery maximal planar graph has a hamiltonian cycle. 
Maximum ma&tags of planar graphs 267 
A matching m(G) of a graph G is maximal if there is no matching of G which 
properly contains m(G). Clearly Im< G)I a #?(G)) for any maximal matching 
m(G) of a graph G [S]. Therefore our bounds on jM (G)J immediately ield 
bounds on Im(G)l. For example, Theorem 1 yields t e following res& of 
Gtinbaum [S]: Im(G)l ab(p +4) if m(G) is any maxilaal matching of a 3- 
connected planar graph with p vertices. 
Partly generalizing Theorem 1, we have represented a lower bound on (I’M( 
of an arbitrary graph G by a linear polynomial of two in,ariants of G: genus and 
number of vertices of degree 3 3 [7]. On the other hitnd, Weinstain [l I] has 
represented a lower bound on IM(G)j by a linear polynomial of p with coefficients 
which are functions of the minimum or maximum degree cf G. Our bounds are 
stronger :han Weinstain’s if G is planar and far from rqular graphs. 
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